Abstract. We study properties of positive operators on GelfandShilov spaces, and distributions which are positive with respect to non-commutative convolutions. We prove that boundedness of kernels K ∈ D ′ s to positive operators, are completely determined by the behaviour of K alone the diagonal. We also prove that positive elements a in S ′ with respect to twisted convolutions, having Gevrey class property of order s ≥ 1/2 at the origin, then a belongs to the Gelfand-Shilov space S s .
Introduction
In this paper we deduce boundedness properties for kernels of positive operators and elements with respect to non-commutative convolutions. More precisely, consider a Roumieu distribution (i.e. an ultradistributions of Roumieu type), which at the same time is a kernel to a positive operator. Roughly speaking, we prove that the kernel is a Gelfand-Shilov distribution of certain degree, if and only if its restriction to the diagonal is also a Gelfand-Shilov distributions of the same degree.
A consequence of this result is that a Roumieu distribution which is positive with respect to a non-commutative convolution algebra, belongs to corrsponding space of Gelfand-Shilov distributions.
We remark that the usual convolution as well as the twisted convolution are special cases of these non-commutative convolutions.
For the twisted convolution we perform further investigations when the Roumieu distributions possess stronger regularity. More precisely, if a Roumieu or Gelfand-Shilov distribution is positive with respect to the twisted convolutions, and is of Gevery class of certain degree near the origin, then we prove that the distribution is a Gelfand-Shilov function of the same degree.
These results are analogous to results in [8] , where similar properties were deduced after the spaces of Roumieu distributions, Gelfand-Shilov distributions and Gelfand-Shilov functions are replaced by corresponding test function and distribution spaces in the standard distribution theory.
In order to describe our results in more details, we recall the definitions of positive operators and elements which are positive with respect to non-commutative convolutions.
Let B be a topological vector space with complex dual B ′ , and let T be a linear and continuous operator from B to B ′ . Then T is called positive (semi-definite), and is written T ≥ 0, whenever (T ϕ, ϕ) ≥ 0 for every ϕ ∈ B. In our situation B is usually a Gelfand-Shilov space or a Gevrey class on R d , and B ′ corresponding distribution space. However we remark that we may also as in [8] consider the case when B is the set of Schwartz functions and B ′ the set of tempered distributions on
In any of these situations, the Schwartz kernel theorem is valid in the sense that for any linear and continuous operator from
We are especially interested in properties possessing by elements K ∈ B ′ ⊗ B ′ such that T = T K , defined by (0.1), are positive as operators. Note here that if B is a Gelfand-Shilov space or the set of Schwartz functions on R d , then B ⊗ B is the corresponding space of functions defined on R 2d , and B ′ ⊗ B ′ the corresponding distribution space on R
2d . An importment special case of T concerns non-commutative convolution operators of the form ϕ → a * B ϕ, defined by (a * B ϕ)(x) ≡ a(x − y)ϕ(y)B(x, y) dy.
In this situation we are for example interested in extensions of BochnerSchwartz theorem concerning positive elements in non-commutative convolutions.
An important non-commutative convolution is the twisted convolution, which is obtained by choosing B above as an appropriate complex Gaussian. More precisely, let X = (x, ξ) ∈ R 2d and Y = (y, η) ∈ R 2d , and let σ be the standard symplectic form defined by σ(X, Y ) = y, ξ − x, η . Then the twisted convolution is defined by
Positivity in the twisted convolution is closely related to positivity in operator theory, especially the Weyl calculus. More precisely, if a ∈ B ⊗ B, then Aa is the operator with Schwartz kernel giving by (Aa)(x, y) = (2π) [8] .)
There are also strong links between positivity in operator theory (or equivalently elements in (B ′ ⊗ B ′ ) + ) and positive Weyl operators. In fact, for a ∈ S (R 2d ), the Weyl quantization Op w (a), is the operator from
The integral kernel of Op w (a) is equal to
For arbitrary a ∈ B ′ ⊗ B ′ , Op w (a) is defined as the operator with kernel given by (0.3).
By straight-forward computations we get
where F σ is the symplectic Fourier transform on B ′ ⊗ B ′ , which takes the form
when a ∈ S (R 2d ). Consequently, from these identities it follows that Op w (a) ≥ 0, if and only if (F σ a) ∈ (B ′ ⊗ B ′ ) + . In the paper we begin to study kernels in Roumieu distribution spaces D ′ s , s > 1, whose corresponding operators are positive semidefinite. In fact, if K is such kind of kernel whose restriction near the diagonal belongs to corresponding Gelfand-Shilov distribution space S ′ s , then we prove that K belongs to S ′ s . By choosing K such that T K agree with the convolution operator ϕ → a * B ϕ, for some a ∈ D ′ s , it follows that a ∈ S ′ s when the operator is positive. In particular, this holds for elements which are positive with respect to twisted convolution.
We also perform investigations on elements in (B ′ ⊗ B ′ ) + which satisfy certain smoothness condition at origin. More precisely, if a ∈ (B ′ ⊗B ′ ) + is Gevrey regular of order s, then we prove that a belongs to S s (R 2d ). This result is analogous to Theorem 3.13 in [8] , which asserts that for any a ∈ (B ′ ⊗ B ′ ) + which is smooth near origin, belongs to S (R 2d ).
Preliminaries
In this section we recall some basic results which are needed. In the first part we recall some facts about Gelfand-Shilov spaces.
In the following we let α, β, γ and δ denote multi-indices. Let s ≥ 1/2 and h > 0. Then
is finite for every multi-indices α and β. Then the Gelfand-Shilov space
Its dual space is denoted by S
, which is the Gelfand-Shilov distribution space of order s.
Let s ≥ 1/2, h > 0 and let Ω be an open set in
is finite for the multi-index β. Let (K n ) n be a sequence of compact sets such that K n ⊂⊂ K n+1 , and
Its dual space is D ′ s (Ω), which is the ultra-distribution space of Roumieu type of oreder s. We remark that D s is equivalent to Gevery class G s for s > 1.
We recall that differentiations of Gevrey or Gelfand-Shilov distributions are defined in the usual way, giving that most of the usual rules hold. Especially it follows from Leibniz rule that
for admissible distribution f . Furthermore, by applying the Fourier transfor to this formula we get
Since we are especially interested in the behaviour of corrsponding Schwartz kernels, the following result is important to us. The proof is omited since it can be found in [5] .
Then the following are true.
(1) If s > 1 and T is a linear and continuous operator from
D s (Ω 1 ) to D ′ s (Ω 2 ), then there is a unique ultradistribution K = K T ∈ D ′ s (Ω 2 × Ω 1 ) such that (T ϕ 1 , ϕ 2 ) = (K, ϕ 2 ⊗ ϕ 1 ), ϕ 1 ∈ D s (Ω 1 ), ϕ 2 ∈ D s (Ω 2 ). (1.3) Conversely, if K = K T ∈ D ′ s (Ω 2 × Ω 1 ) and T is defined by (1.3), then T
is a linear and continuous operator from
D s (Ω 1 ) to D ′ s (Ω 2 ). (2) If s ≥ 1/2
and T is a linear and continous operator from
S s (R d 1 ) to S ′ s (R d 2 ), then there is a unique tempered ultradis- tribution K = K T ∈ S ′ s (R d 2 × R d 1 ) such that (T ϕ 1 , ϕ 2 ) = (K, ϕ 2 ⊗ ϕ 1 ), ϕ 1 ∈ S s (R d 1 ), ϕ 2 ∈ S s (R d 2 ). (1.4) Conversely, if K = K T ∈ S ′ s (R d 2 × R d 1 ) and T is defined by (1.4) ,
then T is a linear and continuous operator from
Recall that if s ≥ 1/2, and T is a linear and continuous operator from Since
is positive semi-definite and extendable to a continuous map from
, then this extention is unique and T is positive semi-definte as an operator from
We have now the following definition.
We shall also consider distributions which are positive with respect to a non-commutative convolution.
Let s > 1, and B ∈ C s (R 2d ) such that for every ε > 0, it holds
for some h > 0.
Then the following are ture.
(
Proof. The result follows from Theorem A in [9] .
We consider elements a in Gelfand-Shilov classes of distributions which are positive with respect to the twisted convolution. That is, a should fulfill (a * σ ϕ, ϕ) ≥ 0, (1.7) for every ϕ. For this reason we make the following definition.
for every finite sets
The following result can be found in the Theorem 2.6, Proposition 3.2 and Theorem 3.13 in [8] . Later on we shall prove an analogue in the frame-work Gelfand-Shilov spaces. (
By Proposition 1.5 in [8] and the definitions we have the following.
, and
Gelfand-Shilov properties for kernels to positive operators
In this section, we study the kernel of a positive semi-definite op-
We need the following preparations for the proof of Theorem 2.1.
Here let s ≥ 1/2, h, h 1 and h 2 > 0, and let ψ ∈ S s (R 2d ). The semi-norms ψ 
Lemma 2.2. Let s ≥ 1/2, and let ψ 0 ∈ C ∞ (R 2d ). Then the following are true:
(1) For every h > 0, there are C, h 1 , h 2 > 0 such that
(3) Let ψ 1 and ψ 2 be given by
, and ψ 2 (x, y) = ψ 0 (x + y, y).
, and ψ 0
Proof. The assertions (1) and (2) follow from Corollary 2.5 in [1] and its proof. The assertion (3) follows by straight-forward elaborations with the semi-norm ψ j
, for j = 0, 1, 2. In order to be self-contained we here give the proof.
We only prove the result in the first inequality in (3) for j = 2. We have
Similarly,
A combination of these arguments give
The other cases follow by repeating this argument, and are left for the reader. The proof is complete.
, and set ψ 1 and ψ 2 be given by (2.1). If k = 0, 1, 2, then the following conditions are equivalent: 
Furthermore, the mappings which take ψ 0 into ψ 1 or ψ 2 are homeomorphism on S s (R 2d ).
Proof. The result follows from Corollary 2.5 in [1] and its proof together with the fact that S s is invariant under pullbacks of linear bijections. The details are left for the reader.
Proof of Theorem 2.1.
. Also let · K be the corresponding seminorm, i.e, ϕ K is defined by
, the result follows if we prove that for every positive h, there is a positive constant C = C h , such that
, it follows from Theorem 4.1.23 in [3] that 1/χ ∈ C s near the origin, and κ/χ ∈ D s (R d ) for some κ ∈ D s (R d ) which is equal to 1 in a neighborhood Ω 0 of the origin. Hence
since it is obvious that the map (ϕ,
) . Consequently, we may assume that χ in the assumption is equal to 1 in a neighborhood Ω of the origin.
Take an even and non-negative function φ ∈ D s (R d ), such that j φ(· − x j ) = 1, for some lattice {x j } j∈J ⊂ R d , and supp φ + supp φ ⊂ Ω. By Cauchy-Schwartz inequality we get
where
Then (2.2) follows if we prove that for every h > 0, there are h 1 > 0, C > 0 such that
In order to prove (2.3), we note that the support of ϕ j (· + x j ) is contained in supp φ. This gives
. It follows from the definitions that for every ε > 0,
) with respect to j ∈ J. Then for every positive ε and h, there is a constant C ε,h such that
Let ψ 0 (x, y) = ϕ(x)φ(y), and let ψ 1 and ψ 2 be as in Lemma 2.3. Then ψ 2 (x, x j ) = ϕ j (x + x j ). By Lemmas 2.2 and 2.3, it follows that for every h > 0, there are constants C, h 1 , h 2 > 0 such that
if we choose β 1 = β and β 2 = 0. Then the inequalities (2.4) and (2.5) imply that for every h 3 > 0, there is a constant C 1 such that
, and (2.2) follows if we choose h 3 and ε such that h 1 < h 3 and ε < 2h 2 .
By choosing K(x, y) = a(x−y)B(x, y) in Theorem 2.1, for suitable a and B, we get the following result, which shows (1) in Proposition 1.5 has an analogue in the framework of Gelfand-Shilov space or Gevrey class.
Proof. It is sufficient to prove the first inclusion. By straight-forward computation it follows that T ϕ = a * B ϕ and the kernel
Furthermore, Lemma 1.3 giving that 1
Gelfand-Shilov properties for positive elements for twisted convolutions
In this section, we study elements in S ′ + , which are smooth and have the Gevrey regularity near the origin, then they are in S s for s ≥ 1/2. Here S ′ + is a set such that for all elements a ∈ D ′ which are positive with respect to the twisted convolution.
The following theorem is the main result. It shows that (4) in Proposition 1.5 has an analogue in the framework of Gelfand-Shilov space or Gevrey class.
for some neighborhood Ω of the origin, and some h > 0. Then a ∈ S s (R 2d ).
In order to prove the theorem, we need some preparations.
Let Ω ⊂ R 2d be a neighborhood of the origin, and let a ∈ C ∞ (Ω) and s ≥ 1/2. Then the following statements are equivalent.
(1) There are positive constants C and h such that
for the multi-index α. (2) There are positive constants C and h such that
for every multi-indices α, β, γ and δ.
Lemma 3.3. Let α, β, P j , T j , Θ j , and Π j be defined as before, then
and
Proof. The identities (3.4) follow by straight-forward computations. The formula (3.5) follows if we prove
for every F ∈ S (R 2d ). Let (F 1 F )(η, ξ) be the partial Fourier Transform of F (x, ξ) with respect to the x-variable. Then P j and Θ j are transformed into the operators Φ(η, ξ) → 1 2i
respectively, and by letting
and letting G be defined by G(σ j , τ j ) = (F 1 F )(η j , ξ j ), it follows that P j and Θ j are transformed into the operators
respectively. The relative (3.5) is now a consequence of the Leibniz rule (1.1). The other statements follow by similar arguments, and are left for the reader.
, and let P j , T j , Θ j and Π j be defined as before. Also let R α,β,γ,δ be a composition of P α , T β , Θ γ and Π δ . Then the following statements are equivalent.
(1) There exist positive constants C and h such that
when (x, ξ) ∈ Ω, for every multi-indices α, β, γ and δ. (2) There exist positive constants C and h such that
when (x, ξ) ∈ Ω, for every multi-indices α, β, γ and δ.
Proof. We only prove the result for R α,β,γ,δ = Θ
The other cases follow by repeating these arguments, and are left for the reader.
First assume that (1) holds, and choose h ≥ 1 and C > 0 such that (3.9) holds. By Lemma 3.3 it follows that where C and h are independent of α and γ. A combination of these relations and (3.13) give
